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Abstract 
To find the possible error sources of manufacturing systems, the important operational characteristics of different body elements should be 
investigated. Stiffness is one of the most important characteristics of a machine tool's guiding system, influencing their performance and 
accuracy. This paper concerns with some analytical and experimental investigations on static stiffness of linear motion guides. The analytical 
studies are conducted using Hertzian theory. Then, we have carried out some experiments to investigate the static stiffness of industrial ball 
bearing linear motion guides in normal, lateral and angular directions. A maximum force of 10 kN has been applied to measure it for three 
preload levels of carriages and in compression and tensile directions. The results of analytical and experimental investigations have been 
compared. Then, the guide is driven with different velocities to find the influence of movement on the stiffness. The backlash and three 
different angular deflections in roll, pitch and yaw directions are measured. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of 48th CIRP Conference on MANUFACTURING SYSTEMS - CIRP CMS 
2015. 
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1. Introduction 
Machine tools are widely used in the industry. The wide 
variety of industries, whose products are manufactured with 
machine tools such as aerospace, ship building, automotive, 
medical and oil industries show their importance in today 
industry. Additionally, the demand for higher accuracy and 
speed in production along with the need for reduction of the 
costs increase the importance of deeper investigations in this 
field. Although there are hundreds of books on various 
aspects of strength of machine elements, stiffness-related 
issues are practically neglected [1]. The experimental 
investigations conducted before don’t seem to be sufficient 
for such an important subject, especially for angular 
directions and stiffness behaviour of the guides in movement. 
Some analytical and numerical studies have been carried out 
previously, but due to the complexity of the contact 
phenomenon, they don’t seem to be precise enough. 
Software compensation methods are widely used to 
improve the accuracy of machine tools and coordinate 
measuring machines. Deeper knowledge of components 
characteristics of their structural loop at the design stage 
decreases the errors. Joint kinematic errors of machine axes 
are parameters determined by some physical parameters of 
the system such as bearing spacing and rigidity at a more 
elementary level [2]. Also, stiffness is one of the process-
independent input variables influencing the machining 
process [3]. Thus, stiffness has a significant influence on 
performance enhancement and accuracy of machining 
processes. 
The guides are directly responsible for the precision and 
smoothness of the machine axis movements [4]. Precision, 
rigidity and wear resistance are the most important requisites 
of good guideways [5]. Many researchers have investigated 
on different kinds of guiding systems. Static stiffness and 
friction behaviour of ball bearing linear guides have been 
investigated experimentally [6,7]. Some papers have been 
published on straightness errors of various types of guides [8-
11]. Some researchers have studied on joints stiffness and 
contact deformations of them [12, 13]. Paweá Majda [14] has 
studied the joint stiffness of ball bearing linear guides 
through FE simulations and investigated on the effect of 
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geometric errors on the joint kinematic errors. Static 
properties of guideway joints have been modelled using FEA 
considering phenomena occurring in the contact layers [15]. 
Some researchers have focused on static and dynamic 
nonlinearities of machine tool guides [16, 17].  
Volumetric errors consist of not only position errors of the 
machine end effectors but also their orientation with respect 
to the work-piece [2, 14]. Furthermore, during machining or 
measurement processes, loads in compression and tension 
directions and moments are applied to the load carrying 
systems. Therefore, it is essential to investigate the stiffness 
of the guides in both normal and angular directions. Thus, we 
have decided to carry out a comprehensive investigation on 
joints static stiffness in radial, reverse radial, lateral 
directions. Then the experiments are continued with angular 
stiffness in roll, pitch and yaw directions. All the experiments 
in normal and angular directions are conducted in 
compression and tensile direction. Then a pneumatic cylinder 
is mounted and the stiffness values are measured when the 
guide is in movement.    
2. Hertzian theory 
An analytical model has been used to identify the static 
stiffness of the contact (joint), which uses Hertzian theory. 
This theory consists of classic solutions for non–adhesive 
contact problems [18]. The formulas derived from this 
analysis are based on the following assumptions: stresses in 
the contact zone are below the yield strength; contact areas 
are small relative to dimensions of the contacting bodies; and 
contact pressures are perpendicular to the contact areas [1]; 
the block and the rail are rigid, and all the compliance of the 
system is due to the rolling elements [14]. 
Several formulas have been provided to calculate the radial 
deflection of the joint with different contacting geometries, 
e.g. sphere and plane, sphere and cylinder, sphere and 
cylindrical groove, etc. For the study of the ball bearing 
linear guides the formula corresponding to sphere and 
cylindrical groove (Fig. 1) can be used, which is [14]:  
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where, F is the acting compression force, į0 is the applied 
preload or clearance (gap) for the balls, and į'(F) is the 
deformation of a single ball which can be calculated with the 
following equation [13, 17, 1]:  
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Fig. 1. Contact between a sphere and a cylindrical surface under load F 
where, R1, R2 are the radii of the ball and groove, E1, E2 are 
the moduli of elasticity of ball and groove materials, Ȟ1, Ȟ2 are 
the Poisson ratios associated with the materials, and Ș is a 
parameter dependent on the values of R1 and R2 and will be 
discussed later. If fo2R  (ball in contact with a flat 
surface), then 1oK  [1, 14]. To calculate this parameter, 
two auxiliary coefficients A and B have been defined, which 
are [1]: 
 
)11(
21
2
1
RR
A                                                                  (3) 
 
and 121 RB  . In this research work, HSR-A 30 guiding 
system of the company THK has been chosen for which 
775.21  R mm and 89.22  R  mm. The obtained results are 
0.0072 and 1.388 for A and B respectively, and accordingly 
0052.0 B
A .  
 
According to the data given in table 1, and with a numerical 
interpolation, the parameter can be obtained as: 41.0|K  
Table 1. The values of the parameter Ș for different contact geometrical 
properties [17] 
A/B Ș  
1.00 1.00  
0.250 0.905  
0.015
0.003 
0.510 
0.358 
 
 
As in this case, there are two contact surfaces, one 
between the ball and the rail groove, and one between the ball 
and the carriage race groove, the factor į'(F) has been 
multiplied by 2. By replacing the geometric and material 
properties in equation 2, it can be simplified to: 
 
3
2.)(' FF DG                                                                    (4) 
 
In which Į is a parameter dependent on the geometric and 
material properties of the balls and the rail. In this case, as the 
material used for the linear motion system is martensite 
stainless steel [19], the parameters of this equation are: 
E=210 GPa and 3.0 Q  [14]. Putting the values into 
equation 3, the parameter Į can be obtained as:
810517.3 u D . As there are two rows of balls serving in a 
carriage, the deformation obtained from equation 3 should be 
multiplied by 2. Also because of the 45° angle between their 
axes and radial direction, this value should be multiplied by 
the sine of this angle. The load–displacement curve of the 
whole carriage with different preload conditions is shown in 
Fig. 2. Under a force of 10 kN, stiffness values are 433 
N/μm, 568 N/μm and 735 N/μm for not preloaded, light and 
medium preloaded carriages, respectively. 
3. Experimental setup 
To do a comprehensive investigation on the linear 
guideways, an experimental setup with a good reliability has 
been devised, which consists of three main parts: plate, 
bridge and the guide (Fig. 3). 
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Fig. 2. The Load–deflection curve of the guide with different preload 
conditions using Hertzian mechanics 
 
Fig. 3. The main parts of the experimental setup 
Several bore holes have been made on the upper and side 
plates of the bridge to facilitate the application of loads and 
moments in different directions and positions. The linear 
guide system, employed in this study has basic static and 
dynamic load ratings of 46.8 kN and 28 kN, respectively 
[19]. Carriages with three preload levels, namely no preload, 
light (C1) and medium preload (C0) have been investigated. 
It is noteworthy that the light preload (C1) equals to 2%, and 
the medium preload (C0) is 8% of the basic dynamic load 
rating (C). A spherical joint is used to facilitate the load 
application in the right direction and a tensile-compressive 
force transducer with a range of 10 kN is employed (Fig. 4). 
With this configuration, it is also possible to conduct the 
static stiffness experiments in radial, reverse radial, roll and 
pitch directions. 
4. Static stiffness experiments 
4.1. Normal direction 
As the loads are usually applied in the vertical direction, in 
terms of rigidity, it is the most important direction. The 
measurements in this direction consist of radial and reverse 
radial directions. 
 
 
Fig. 4. Experimental setup in radial direction 
4.1.1. Radial stiffness 
In comparison to transverse direction, guides have usually 
larger load capacities in this direction. The measurement 
system of the stiffness in this direction consists of the force 
transducer and three displacement sensors. Two of these 
sensors are used to record the deflection values, while the 
third one is used to control the process that all the 
displacements are in the direction of the applied load. Care 
was taken to apply the load in a uniform manner and avoid 
any rotations of the guide. Five experiments have been 
conducted for each direction. The experimental results in 
radial direction are shown in Fig. 5. The maximum deflection 
was measured for the carriage without preload, which was 
about 33 μm, and the measured stiffness is about 303 N/μm. 
The deflection under the load of 1 kN was about 6.7 μm, 
which leads to a stiffness of 149 N/μm. These differences in 
the stiffness values are due to the non-linearity of the 
property. The maximum displacements for the guides with 
light and medium preloads were about 27 μm and 21.4 μm. 
Consequently, their stiffness was measured about 370 N/μm 
and 467 N/μm, respectively. By comparing these results with 
those of Hertzian theory (Fig. 2), one can find that the 
calculated stiffness values are 30-35 % larger than 
experimental ones. 
4.1.2. Reverse radial stiffness 
The maximum deflection in the reverse radial direction 
was measured for the carriage without preload, which is 
about 52.4 μm (Fig. 6). Therefore, the static stiffness is about 
191 N/μm, whereas these values for the load 1 kN were about 
10.7 μm and 93.5 N/μm. The maximum displacements for 
carriages with light and medium preloads were about 43 μm 
and 34 μm, which lead to static stiffness values of 233 N/μm 
and 294 N/μm, respectively. 
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Fig. 5. The load-displacement curve of the carriage in radial direction 
 
Fig. 6. The load-displacement curve of the carriage in reverse radial direction 
4.2. Lateral direction 
The same experiments have been carried out for the static 
stiffness in lateral direction. The results are illustrated in Fig. 
7. The maximum deflections measured under an external 
force of 10 kN were 75 μm for not preloaded, 61 μm for light 
preloaded and 51 μm for medium preloaded carriages. 
Therefore, the stiffness in lateral direction can be calculated 
as about 133 N/μm, 164 N/μm and 196 N/μm for normal 
carriage, and carriages under light and medium preloads, 
respectively. The deflections in tensile direction are larger 
than those of compression direction (Fig. 8). Under the force 
of 10 kN, the carriage without preload had a displacement of 
97 μm, while the other two preload levels had a displacement 
of 80 μm and 69 μm, respectively.  Therefore, the stiffness 
values for this direction are 103 N/μm, 125 N/μm and 145 
N/μm, correspondingly.  
 
 
 
Fig. 7. The experimental results in lateral direction 
 
Fig. 8. The static stiffness results in reverse lateral direction 
4.3. Angular direction 
The process of applying the moment in angular direction 
is the same as for previous experiments and the maximum 
external force is 10 kN. As the distance between the loading 
point and center of the carriage (moment arm) was about 0.04 
m, the maximum moment applied on the joint was 0.4 kN.m. 
It is noteworthy that the static permissible moments for this 
guide model are 0.524 kN.m for pitch and yaw, and 0.562 
kN.m for roll directions [19]. 
4.3.1. Pitch angular stiffness 
 
The results of these experiments are illustrated in Fig. 9. 
The same as for radial direction, the nonlinearity of the 
curves is clear. The angular stiffness of the guide in pitch 
direction can be calculated through dividing the applied 
moment into the measured deflection. Under the moment of 
0.4 kN.m, a maximum deflection of about 12.7 arc seconds is 
measured for the not preloaded carriage, which leads to an 
angular stiffness of nearly 31.5 N.m/sec. The deflections for 
the light and medium preloaded carriages were 10.4 arc 
seconds and 8.3 arc seconds, respectively. Thus, they have an 
angular stiffness of about 38.5 N.m/sec and 48 N.m/sec, 
correspondingly. The angular deflections in tensile pitch 
direction are much larger than those of pitch direction (Fig. 
10). The stiffness values are found as 17.7 N.m/sec, 29.9 
N.m/sec and 52.9 N.m/sec for not preloaded, and with light 
and medium preloads, respectively. 
 
Fig. 9. The results of angular stiffness experiments in pitch direction 
799 Mahdi Rahmani and Friedrich Bleicher /  Procedia CIRP  41 ( 2016 )  795 – 800 
 
Fig. 10. Angular stiffness curves for extension pitch direction 
4.3.2. Roll angular stiffness 
 
The next experiments are carried out for measuring the 
angular stiffness in roll direction. The deflections values are 
larger than those in pitch direction (Fig. 11). A maximum 
deflection of 37.4 arc seconds is measured for the carriage 
without preload, which leads to an angular stiffness of 10.7 
N.m/sec. The stiffness values for the light and medium 
preloaded carriages are 14.9 and 19.5 N.m/sec, respectively. 
Higher deflections have been observed for the tensile roll 
direction (Fig. 12). The angular stiffness values for this 
direction are 8.1 N.m/sec for not preloaded, 10 N.m/sec for 
light and 12.2 N.m/sec for medium preloaded carriages. 
 
 
Fig. 11. The results of angular stiffness experiments in roll direction 
 
Fig. 12. Angular stiffness curves for reverse roll direction 
4.3.3. Yaw angular stiffness 
 
The results of measurements for normal and reverse yaw 
direction are provided in Fig. 13 and Fig. 14, respectively. It 
is clear, that this angular stiffness is larger than that of roll 
and pitch direction. Stiffness values of 51.3 N.m/sec, 72.7 
N.m/sec and 96.4 N.m/sec have been measured for not 
preloaded, light and medium preloaded carriages in yaw 
direction, respectively. In tensile yaw direction, these values 
have been measured as 38.8 N.m/sec, 60.2 N.m/sec and 89.9 
N.m/sec. 
5. Study of the deviations in movement 
A pneumatic cylinder has been mounted on the setup, and 
an external mass of 140 kg is put on the carriage. The 
carriage is driven for a length of 390 mm and the roll, pitch 
and yaw angular deviations are measured. Three different 
velocities of 25 mm/min, 120 mm/min and 860 mm/min are 
examined to find out the influence of it. 
 
Fig. 13. The results of angular stiffness experiments in yaw direction 
 
Fig. 14. Angular stiffness curves for reverse yaw direction 
Some larger values of deviations in pitch direction are 
observed at elementary stages of the travel, which occur due 
to reversal backlash (Fig. 15). The maximum values are two 
seconds and 1.4 seconds, which are measured in high and 
medium travel speeds, respectively. After this backlash, the 
deviation curves are steadier. The range of deviations in roll 
direction is less than that of pitch direction (Fig. 16). The 
reversal backlash values are about 1.4 seconds for higher 
speed and 0.6 seconds for medium speed. Afterwards, the 
deviations are normally within 0.25 and -0.4 seconds. The 
same as for the measurements in pitch direction, these 
deviations occur at the beginning of the travel. No backlash 
has been observed with the lower speed. 
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Fig. 15. The pitch angular deviations measured through the axis 
 
Fig. 16. The roll deviations through the axis 
The backlash measured for the deviations in yaw 
direction are smaller than the error range and in comparison 
with other two angular deviations, they are considerably less 
(Fig. 17). Except for a short travelling range with higher 
speed, all the deviations are observed in negative direction 
with a maximum value of about -1 seconds. The other fact is 
that, they are increasing in their negative direction during in 
their way. 
 
Fig. 17. The yaw deviations in different axis positions 
Conclusions 
In this paper, static stiffness behaviour of ball bearing 
linear guides is investigated in normal, lateral and angular 
directions. The conclusions of this paper can be summarized 
as follows: 
x Stiffness values in compression directions are larger than 
those of tensile directions. 
x Stiffness curves of this guide are nonlinear in all the 
directions. This nonlinearity is clearer for carriages 
without preload. 
x The static stiffness in radial direction is considerably 
larger than those of reverse radial and lateral directions. 
x The largest angular stiffness values are measured in yaw 
direction and more angular deflections are measured in 
higher travel speeds. 
x Considerable reversal backlash is observed in pitch and 
roll directions, especially at higher speeds. 
x The backlash in yaw deviations is less but it increases 
through the way. 
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